In an earlier paper on differential posets, two lattices Fib(r) and Z(r) were defined for each positive integer r, and were shown to have some interesting combinatorial properties. In this paper the investigation of Fib(r) and Z(r) is continued. A bijection 1Jf: Fib(r)--+ Z(r) is shown to preserve many properties of the lattices, though IJf is not an isomorphism. As a consequence we give an explicit formula which generalizes the rank generating function of Fib(r) and of Z(r). Some additional properties of Fib(r) and Z(r) are developed related to the counting of chains.
INTRODUCTION
In [3J two lattices, denoted Fib(r) and Z(r), were defined for each positive integer r and were shown to have some interesting combinatorial properties. (Fib(l) had previously been considered in [1] , where it was called the 'Fibonacci lattice'.) In particular, Fib(r) and Z(r) have a unique minimal element 0, are graded, and have the same (finite) number of elements of each rank. When r = 1 , the number of elements of rank n is the Fibonacci number Fn+l (where F;. = Pi = 1, Fn+l = Fn + F n - 1 ) . There is a
rank-preserving bijection 1jJ: Fib(r)-Z(r), which satisfies e(x) = e(1jJ(x» for all
x E Fib(r), where e(x) denotes the number of maximal chains in the interval [0, x J (see [3, Prop. 5 
.7]).
In this paper we show that in fact the intervals [O,xJ and [0, 1jJ(x)J have the same number of chains (or multichains) of any specified length. These numbers are relatively easy to compute for Fib(r), so we have 'transferred' this result to Z(r). As a consequence, we show that for any fixed n ~ 1, where the sum ranges over all n-element multichains in Fib(r) or in Z(r), and where p denotes rank. Our results can also be interpreted in terms of the zeta polynomial [2, Ch. 3.11J of certain subposets of Fib(r) and Z(r). The proof in [3J that [O,xJ and [0, 1jJ(x)J have the same number of maximal chains does not extend to chains of smaller lengths, so we use a new method of proof here.
We will use the notation N= {O, 1,2, ... }, P={1,2,3, ... }.
MULTICHAINS IN Fib(r) AND Z(r)
We first define the lattices Fib(r) and Z(r). Let A(r) = {Iv 1 2 , ... , 1" 2} be an alphabet with r types of l's and with one 2. (When r = 1 we simply let A(l) = {I, 2}.)
Then Fib(r) and Z(r) have the same set of elements, namely the set A(r)* of all finite words with letters in A(r) (including the empty word fjJ). The cover relations (and hence by transitivity the entire partial order) of Fib(r) and Z(r) are defined as follows. 
in Fib(r). This sets up a bijection which proves (1).
Every multichain of length n from 0 to 2u occurs exactly once in this way, so (2) follows. 0 LEMMA 2.3. For any i ~ 0 and any U E A(l)*, we have
PROOF. Let P be any locally finite poset for which every principal order ideal 
If w = WIW2··· Wk EA(I)*, define the operator rw on functions F: 1P~7L by replacing each 1 in w with a and each 2 with aT. For instance, rZZ1Z1 = aTaTaaTa. Let I: IP~ 7L be defined by l(n) = 1 for all n. Then it follows from Lemma 2.2 and the initial condition Mn ( l/J) = 1 that (6) Hence (since clearly N n ( l/J) = 1) it suffices to show that the right-hand side of (6) satisfies the same recurrence, given by Lemma 2.3, that Nn(w) satisfies.
We claim that the operators a and T satisfy the relation r~ = Ta -aT + ra;
for we have
from which (7) is immediate.
Now suppose that w = zi1u eA(1)*. In order to show that rwI(n) satisfies the same recurrence (3) as does Nn(w), it suffices to show that for any F:
We have
But for any G: !P-~ we have
Hence (8) follows from (9) and (10), as desired.
There remains the case w = 2i. We need to show that for any F:
j=l The proof is analogous to that of (8) and will be omitted. 0 We have the following generalization of Corollary 2. 
Now, given P as above and n E P, define
summed over all n-element multichains in P. The main result of this section is the following:
;=1
PROOF. It follows from Theorem 2.4 that Fn(Fib(r), q) = F,,(Z(r), q).
We prove ,.,,0
We claim that
Now, using the notation of the previous section, we have
For each u E A(r)* of rank t -1 there are r words v = I j u (provided that t ~ 1); while for each u E A(r)* of rank t -2 there is one word v = 2u of rank t (provided that t ~ 2). Hence .
proving (14). 
for n > 0, whence
The proof follows by induction. 0
Given a graded poset P and t E~, let
In It would be interesting to find a similar result for Fib(r) when r ~ 2 and for Z(r) when r~ 1.
